Public pension funds are a significant, and rapidly growing, financial force in the United States. However, the lack of a consensus on an appropriate funding level is apparent from the wide diversity of funding levels currently maintained. This research proposes a financial standard for public pension plan funding that depends on the current pension obligation and the respective growth rates of pension expenses and the tax base, and then compares the optimal funding levels based on this standard with actual funding levels by state. Based on this approach, funding levels should vary by state based on economic conditions. However, many states are funding public pension plans at levels well below the optimal values, which creates the potential for serious problems in the future.
INTRODUCTION
The funding of public pension plans is a major political and economic issue facing state and local government units. Whereas federal regulations establish funding requirements and provide insurance coverage in the case of insolvency for private pension plans, no such guidelines or insurance applies to public pension plans. Pension benefits for public employees can be fully funded when the service is provided, paid for only after the retirement of the workers or funded at some interim level. The funding strategy adopted will affect current and future tax rates, the willingness of public employees to exchange current salary for promised future retirement benefits, the investment rating of debt issued by the government unit, and even property values within the area.
The funding ratio of pension plans is the ratio of accumulated assets to the present value of the cost of benefits that have already been earned. Actual funding ratios of different public pension plans currently run the gamut from approximately zero (i.e., Pay-As-You-Go funding where all pension costs are deferred to the time when benefits must be paid) to over 100 percent (which not only covers the entire cost of all benefits already earned, but also prefunds benefits that will be earned in the future or future benefit increases).
This study focuses on developing an appropriate funding level target for public pension plans. Basic assumptions are made that lead to the conclusion that the optimal tax policy is for the pension tax to be a constant percentage of taxable income for every period. Initially, a two-period model is developed that incorporates the relevant factors in a simple model and examines the comparative statics. A multi-period model is then developed to examine the optimal funding paths under various economic assumptions. The results indicate that the relationship between the growth rates of pension costs and tax base is the critical element in determining the appropriate funding level. Finally, the optimal funding paths to go from the current actual funding levels to full funding are determined for each state.
LITERATURE REVIEW
State and local government pension plan assets represent a significant component of the nation's total pension plan assets. According to the American Council of Life Insurance (1996) , at the end of 1994 the nation's pension assets totaled approximately $5 trillion. Of this, private pension plans held $3.1 trillion while state and local government pension plan assets totaled $1 trillion and provided coverage for over 18 million workers. 1 The majority of these public retirement plans are defined benefit plans, and they represent the primary source of retirement income for state and local government employees. In spite of the importance of these plans, there has been a well-acknowledged lack of research on the funding of state and local government pension plans (Congressional Research Service, 1990; Dulebohn, 1995; Mitchell and Smith, 1994) .
These public pension plans have experienced a tremendous growth in assets since 1979; at that time the aggregate assets were approximately $169 billion (American Council, 1996) . During this period of growth, a number of changes have occurred that have drawn attention to state and local plan funding. First, since the late 1970s a number of state and municipal governments have faced periods of budgetary stress, characterized by increasing expenditure requirements and decreasing revenues. Second, and related, there has been an increased use of public plan assets, sometimes facilitated by the altering of the actuarial assumptions used to compute public pension obligations, to help balance state and local budgets (Mitchell and Smith, 1994; General Accounting Office, 1992; House Select, 1992; Flanagan, 1993) . Third, the composition of the workforce in state and local governments is aging; currently over 75 percent of state and local retirement plan members are 40 years or older and many are expected to retire before the age of 60 (Greenwich, 1993; Posner, 1993) . Together these factors have contributed to a concern about the adequacy of state and local pension plan funding.
A large amount of research has addressed the appropriate funding level for private pension plans. Early research on private pension plan funding was conducted in the absence of empirical work. More recently, research has been facilitated by the availability of data on private pension plans as a result of Title 1 of the Employees' Retirement Income Security Act of 1974 (ERISA) which requires private defined benefit pension plans to provide periodic disclosure of their funding status to the IRS. In 1988 the Pension and Welfare Benefits Administration of the Department of Labor began making edited files of the data on the universe of private pension plans (that submit the Form 5500 to the IRS) available to researchers. Before this, the Pension and Welfare Benefits Administration provided edited sample files first in 1977 and then from 1981 through 1987. In general, the results of research on private pension plans have favored either full funding to take advantage of the tax benefits associated with pensions or minimum funding to maximize the subsidy of pension insurance (Black, 1980; Feldstein and Seligman, 1981; Harrison and Sharpe, 1987; Lewis and Pennacchi, 1994; Sharpe, 1976; Tepper, 1981; Treynor, 1977; Westerfield and Marshall, 1983) .
In contrast to private defined benefit pension plans, much less research has been conducted on the funding of public pension plans. Research efforts have been hindered by the lack of data since there is no federally mandated disclosure requirement, or regular and systematic compilation of data, on state and local pension funding and liability status. The prevailing view of public pension plan funding is that public plan sponsors need to follow actuarially determined advanced funding policies, similar to that required of private defined benefit plans by ERISA (cf., House Committee, 1978; Inman, 1982; Inman, 1985; Congressional Research Service, 1990) . Most of the empirical research on public pension plan funding began in the wake of a comprehensive Congressional study of state and local public pension plans in 1978. This study concluded that many of these pension systems were inadequately funded and they lacked uniform fiduciary and actuarial funding standards (General Accounting Office, 1979; House Select, 1978) . The majority of studies conducted since that report have been descriptive analyses of funding levels among state and local public pensions, although a few have sought to develop and test models that can contribute to understanding the dynamics of public pension plan funding or that can inform policy makers.
A number of descriptive analyses have reported the funding levels of public pension plans (Dulebohn, 1995; GAO, 1992; Testin, 1992; Church, 1992; Zorn, 1993) . These studies have reported similar funding ratios of approximately 86 percent for FY 1992 for public plans and have indicated that many state and local public pension plans have experienced improvement in funding levels over time as a result of following actuarially sound funding standards and experiencing robust investment returns. In spite of an overall improvement in funding condition, it is estimated that only 30 percent of the major state and local public retirement plans are funded at 100 percent or higher (Dulebohn, 1995) .
Several studies have investigated why public pension plans are not fully funded. This research has argued that the unfunded liability of public pension plans represents a deferral or shift of labor costs to the future. Past taxpayers are the beneficiaries of underfunding because current or future taxpayers are responsible for paying the unfunded retirement benefits workers earned in the past. Mumy (1978) developed a two-period model that considers the investment rate of return experienced from advanced funding with the borrowing costs of Pay-As-You-Go funding. Mumy's model did not specify an optimal funding level but stated that it was dependent on preferences for labor services between period one and period two, the time profile of revenue flows, and pension size. Further, Mumy's model assumed that taxpayers remain in a local community indefinitely. Epple and Schipper (1981) empirically addressed the question of whether pension underfunding is a result of a rational strategy employed to pass on costs to future residents or of tax-smoothing. In their model, they estimated the degree of capitalization of pension underfunding and considered the potential benefit of leveling the tax burden of citizens by adjusting the pension funding level to reflect changes in taxable income. Their results supported the tax-smoothing model as an explanation for underfunding, although they did not consider the implications of taxpayers moving. Inman (1981a Inman ( , b, 1982 noted that because of the mobility of society, taxpayers often move and therefore do not remain in a certain locale long enough to bear the cost of unfunded benefits. Because of this, pension underfunding shifts a portion of the current labor cost to future residents while current residents reap the labor benefit. In his examination of public pension underfunding, Inman developed two models, a stayer and a mover model, to account for whether taxpayers remain in the locale or relocate before the pension obligation becomes due.
An underfunded pension represents a loan from current workers to taxpayers at the current rate of return on the pension fund (Inman, 1982) . In the stayer model, current taxpayers who receive the benefits of the loan, in the form of lower taxes, stay and pay employees' future retirement benefits in the form of higher taxes. In the mover model, the current taxpayers who receive the benefits of the loan, in the form of lower taxes, move in order to avoid repaying the loan in the form of higher taxes. The stayer model assumes that public employee wage demands will be affected by the funding level adopted. In the mover model, the degree to which pension underfunding is capitalized in property values determines funding strategy. If property values do not reflect the full level of underfunding, then it is considered optimal to fund the pension plan minimally and move when the obligation becomes due. This situation, however, assumes that the mover can relocate to another jurisdiction that has not been underfunding its pension plan. Support for the mover over the stayer model was provided by Inman's (1982) examination of police and fire services in 60 large U.S. cities and Inman and Albright's (1987) study of teacher pension plans in 48 states. Both of these studies found a strong bias in state and local governments towards Pay-As-You-Go funding. For instance, Inman found that lump-sum pension aid from states, designed to fund current pension liabilities and preclude cheating by shifting the liabilities to the future, actually resulted in a reduction of local contributions. According to Inman, the underfunding strategy typically followed by state and local governments and the high mobility of taxpayers together pressure public pension sponsors to shift the cost of pension benefits to future residents.
More recently, Mitchell and Smith (1994) examined determinants of plan funding, noting wide variations in funding practices among state and local public pension plans. Specifically, they found that variations in plan funding were partially explained by past funding practices, unionization, and fiscal pressure experienced by the sponsoring government.
A primary question that has not been addressed by research on state and local public pension plans is what the optimal funding level of state and local public pensions should be. Although most public pension plans are funded below 100 percent, there is little research to support, or refute, this funding strategy. In addition, while it is generally held that a defined benefit plan is fully funded when the assets are 100 percent of termination liability, because of the uncertainty associated with pension valuations and the increasing trend of pension liabilities, higher target ratios have been suggested (cf., U. S. Congress, 1987) . Currently no model exists to guide state and local public pension funding policy. The goal of this study is to meet this need by generating a usable funding model for public pension plans.
TWO-PERIOD MODEL
In this section, a two-period model of the optimal funding decision is developed. By considering a simple model dealing with pension funding, the effect of economic and demographic variables on the optimal funding decision can be examined. In this model, individuals work for one period and are retired for the next period. Based on the average number of years worked and life expectancy after retirement for a major representative public pension fund, each period in this model is represented by 20 years.
2 A fund's sponsoring government needs to collect taxes in order to pay the pension obligation, but it can elect to raise this revenue at the beginning of the first period or the beginning of the second period. Following the approach of Epple and Schipper (1981) , this model assumes that taxpayers' utility functions are concave and the interperiod adjustment factor (or the discount rate used to account for timing differences) is the same as per capita income growth. Thus, utility is maximized when taxes are a constant proportion of income. (Appendix A demonstrates this relationship for lognormal utility in a multiperiod case.)
The following simplifying assumptions are made:
1. The funding level of the public employee retirement system is the key variable for policymakers, and the other costs, such as current wages or capital expenditures, are fixed.
2. All pension liabilities will be paid off in period two; therefore, at the beginning of period two, the taxpayer is responsible for the underfunded portion of the pension obligation of period one, if any, in addition to the full pension obligation of period two.
3. In the case of advance funding, the government can save period one's revenues by placing them in a pension-fund investment to accumulate at an interest rate r.
2 The State Universities Retirement System (SURS), one of Illinois' five state sponsored public pension funds, indicates that the average number of years of service is approximately 20 years, and the life expectancy of retirees at the average retirement age is also approximately 20 years (SURS, 1991).
4. The pension obligation grows at a rate of e.
5. The population grows at a certain rate d during the period, and the per capita income of residents grows at a certain rate g.
6.
The utility function for state taxation is such that period two's utility is maximized when taxes are a constant proportion of taxable income each period.
The following notation will be used throughout (subscripts indicate the period):
Y = gross income of the representative taxpayer τ = marginal state tax rate of the representative taxpayer r = interest rate on pension fund investments N = the number of taxpayers in the state p = total pension payable at retirement to public employees e = pension growth rate, P P
x = optimal funding ratio for period one
In this model, since the sponsoring government wants to equalize the pension tax rate for each period, the optimal funding level would be determined by the following two equations:
and
Equation (1) indicates the tax revenue to fund the pension liabilities earned in the first period. Equation (2) indicates that, at the beginning of the second period, the state must fund the remainder of pension liabilities from the first period as well as the full pension obligation for the second period. From the above equations, the following funding equation can be obtained. 
Equation (3) shows how the optimal funding ratio for a state's pension plan is a function of interest rates, population and per capita income growth rates, and pension growth rate.
From equation (3), the following results hold straightforwardly:
1. In a static world with g = d = r = e = 0, full funding is always optimal, i.e., x = 1.
2. When (1+e) = (1+g)(1+d), full funding is always optimal, i.e., x = 1.
3. When (1+e) > (1+g)(1+d), overfunding is optimal, i.e., x > 1.
4. When (1+e) < (1+g)(1+d), partial funding is optimal, i.e., 0 < x < 1.
5. The greater the magnitude of (1+g)(1+d) -(1+e), the lower the optimal funding level.
Application of the Model
For an example, the values for Illinois are used to illustrate this approach. The pension growth rate e can take on any number of values. For this example, it is assumed that pension growth reflects the growth in the number and the average salary of public employees. This ignores the effect of a change in the age composition of public employees, a change in pension accrual rates, or other benefit changes (lowering the retirement age, reducing the number of years of service required for full benefits, etc.)
. Other values will be tested later in this paper. Over the period from 1980 through 1992, the public employee growth in Illinois averaged 0.592 percent per year and the average salary growth rate 5.121 percent per year (Bureau of the Census (1980 and ). Combining these factors and calculating the overall effect for 20 years is [((1.00592)(1.05121)) 20 -1 = 2.0553]; thus e = 2.0553. Over the same period, the population in Illinois grew at an annual rate of 0.135 percent, which would be 2.73 percent over 20 years. Thus, d = .0273. Over the same time period, the per capita income grew at an annual rate of 5.956 percent, which would be 218.06 percent over 20 years; thus, g = 2.1806. Both of these values are used as the expected increases over the next twenty-year period to determine the optimal funding level.
The investment allocation of the typical public pension plan is approximately equally weighted in equities and bonds. 3 The expected return on a portfolio allocated along these lines would be approximately 8 percent. 4 This would produce a twenty-year return of 366.10 percent. Thus, r = 3.6610. Calculating the optimal funding ratio, x, then involves: Based on these assumptions, the optimal funding level for Illinois would be 97.3 percent. It is less than 100 percent, since the growth in the tax base exceeds the growth in pension costs, (1+d)(1+g)>(1+e).
3 See Pensions and Investments, Jan. 24, 1994, p. 27, for details. 4 For this study, the pension return is assumed to be 8 percent per year. This is in line with the average pension plan interest rate assumption in 1992, as well as the long-term weighted average return on a portfolio invested equally in common stocks of large companies and long-term corporate bonds (Ibbotson, 1996) .
Comparative Statics
Although the model developed here is a simple representation of state government financial decision-making on pension funding, it does allow the calculation of comparative-statics which provide a basis for empirical testing. The obvious results are:
1. An increase in the income growth rate, g, leads to a decrease in the optimal pension funding level, x.
2. An increase in the population growth rate, d, also leads to a decrease in the optimal pension funding level, x.
3. An increase in interest rates, r, leads to an increase or a decrease in the optimal funding level, x, depending upon the relative magnitude of tax base growth rate and pension growth rate.
4. An increase in the pension growth rate, e, also leads to an increase in the optimal funding level, x.
From the optimal funding level in equation (3), the following derivatives can be obtained:
Thus, as g or d increase, it is better for the taxpayers to fund the pension system less adequately in the first period and postpone the pension funding until the second period. This is intuitively plausible since an increase in g or d means that period two state income (or tax base) increases because of either increased period-two per capita income or an increase of the number of the residents. Thus, the tax burden is lessened. However, the relationship between the interest rate, r, and optimal funding level depends on the relative magnitude of tax base growth rate [(1+g)(1+d)] and pension growth rate (1+e). The optimal funding level increases as the interest rate increases only when the tax base is growing faster than the pension obligation. In this case, by funding the pension plan more adequately, the greater investment income reduces the following period's tax burden. But when the pension cost is growing more rapidly than the tax base, the optimal funding level decreases as the interest rate increases. This occurs because by discounting the pension obligation in period two at a greater interest rate, the tax saving in period two becomes greater.
MULTI-PERIOD MODEL
In this section, a multi-period version of the optimal pension funding decision is developed. The multi-period model will be premised on the assumption that the pension plan is a long-term commitment between the employer and employees. It will be assumed that all employees work for 20 years and then collect a pension for 20 years. 5 Thus, employees hired in the first year will start collecting pension benefits in year 21, employees hired in the second year will start receiving pension benefits in year 22, and so forth. The pension benefit is assumed to be a portion of the final year's salary times the number of years worked.
As in the previous two-period model, it will be assumed that the utility of taxation is maximized when the pension tax rate for every period is equal. Economic and demographic growth rates, pension growth rate, mortality rates, and different working patterns, as well as interest rates, affect the necessary tax rate. Since the time horizon of a public pension system may not be limited, and instead could continue for as long as the sponsoring government exists, the steady state optimal pension funding ratio depends on the time horizon selected.
In order to make the model straightforward, the following simplifying assumptions are made, in addition to the ones listed for the two-period model.
1. The pension system is closed at the final period (not the second period).
2. Pension assets are constructed from each year's pension tax raised and accumulated at an annual interest rate r.
3. Pension liabilities are constructed from each year's accrued benefit and are calculated by discounting future benefit payments at a discount rate q.
4. The number of public employees increases at a certain rate d' each year.
5. The salary of public employees grows at a certain rate g' each year.
The following additional notation is introduced:
C(t) = pension tax paid at the beginning of the year t D(t) = accrued benefit at the end of the year t P(t) = benefit payments paid by the pension fund at the end of the year t A(t) = fund level, i.e., accumulated assets at the end of the year t L(t) = accumulated liabilities at the end of the year t S(t) = salary of a public employee at year t q = discount rate d' = annual growth rate of the number of public employees g' = annual growth rate of the salary of public employees
If t = 0 is the commencement date of the pension plan, then the following basic relationships apply:
Fully Employed System
There are employees of different ages and working careers in the system when the pension plan is introduced; the oldest employees, who are assumed to have been working 19 years when the pension plan starts, work one more year and then retire. They are entitled to pension benefits after retirement, even though their earned benefits are small, in this case, 1/20th of their final salary. This benefit will be paid for 20 years. The employees who have been working 18 years work two more years and then receive a pension benefit of 2/20ths of their final salary for 20 years after retirement, and so forth. The total annual pension payment increases as the number of retirees increase. The system will be stabilized 40 years after the system has started, when each retiree will be receiving a benefit based on 20 years of service, and the new retirees each year simply replace the number that die.
The optimal funding strategy is illustrated for a time horizon of 80 years. This time period was selected in part because it allows the steady state to exist for as long as it takes for it to develop. Also, this time horizon is approximately the same as the time frame used to evaluate Social Security funding (75 years).
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Accumulated liabilities are divided into two parts, for employees and for retirees.
Considering the various growth rates described in the previous section, accumulated liabilities and pension payments across time are expressed as follows (see Appendix B for the derivation): 
Accumulated Liabilities for Employees
Payments to Retirees The tax rate is determined by setting the sum of the present value of accrued benefits (equation (11)) and payments (equation (12)) equal to the sum of present value of contributions over the entire period considering the interest rate and various growth rates. The optimal funding ratios for each period are determined by equation (10), dividing the accumulated assets (equation (8)) by the accumulated liabilities (equation (9)).
Based on this framework, the optimal funding ratio is calculated over an 80-year time horizon with the demographic and economic values determined from the U.S. national average data between 1980 and 1992. Over this period, the population of the U.S. grew 0.993 percent per year, and per capita personal income grew at 6.046 percent annually; the number of state public employees grew 1.539 percent per year, and average salary grew 5.536 percent per year (Bureau of the Census, 1980 Census, , 1992 Census, , 1994 . Table 1 represents the optimal funding ratios and other variables across the entire 80-year period for a hypothetical pension plan covering all state public workers; the optimal funding ratios are illustrated graphically in Figure 1 . In this situation, the optimal funding ratio is initially 1.631 and then gradually decreases to one by the final period. Thus, when instituting a public pension system that does not provide retroactive liabilities, it is optimal to overfund the system initially in recognition of the fact that future benefit payments will increase rapidly as retirees with more service credits will begin receiving benefits in future years. Note: Column (2) is equal to salary (initially 100) times units earned by retirees each year (initially 1/20) multiplied by pension growth rate. Column (3) is calculated by discounting the future payments earned by working employees. Column (4) is calculated by discounting the unpaid future payments for retirees. Column (5) is the sum of column (3) and column (4). Column (6) is the initial population (100) times (n-1)th power of (1.0099). Column (7) is the initial income (100) times (n-1)th power of (1.065). Column (8) is column (6) times column (7) times the tax rate. Column (9) is the accumulated value of column (8) with interest minus column (2). Column (10) is the ratio of column (9) In practice, many public pension systems, when instituted, provide immediate credit for service before the inception of the pension plans, thus leading to retroactive liabilities. This provides an attractive benefit for long-term employees but generates substantial additional costs for taxpayers. In this section, retroactive liabilities are considered for the fully employed system. With a constant tax rate, accumulated pension liabilities in the earlier periods will exceed the accumulated pension assets, resulting in a very low funding ratio initially.
For determining retroactive liabilities, it is assumed that there are 20 blocks of employees in the system, and each block of employees has earned pension benefits commensurate with their past service as of the commencement of the pension plan. Thus, employees hired 19 years ago who have only one more year, the 20th year, until retirement, are immediately credited with pension benefits equal to 19/20ths of their final salaries. Similarly, employees hired 18 years ago are credited with pension benefits equal to 18/20ths of their final salaries. The employees hired one year ago are credited with pension benefits equal to 1/20th of their final salaries. New employees who have just been hired have not earned any pension benefits yet, since they have not accumulated any years of service. Based on this approach, the retroactive liabilities at time 0 can be calculated as follows (see Appendix C for the derivation): 
Annual accrued benefits across time for 80 years are the same as the case of a fully employed system without retroactive liabilities. Since existing employees have already earned pension benefits and are entitled to receive full benefits upon retirement, payments under a retroactive scheme are higher than the case without retroactive liabilities and can be expressed as follows:
= for ( + )( + )
Using this framework, the optimal funding ratios are calculated over an 80-year horizon using the same parameters presented in the previous example (U.S. national average values). Figure 2 illustrates the optimal funding ratios both with and without retroactive liabilities. Unlike the first case, the optimal funding ratio is less than one each year when retroactive liabilities are included. When there are no retroactive liabilities, pension funding through a level tax rate generates more income than is needed to pay benefits in the first few years. The opposite occurs when workers are given credit for past service that was not funded. The cost of paying for the huge unfunded initial liability is then spread over the entire period, which results in underfunding of the pension plans. The constant tax rate with retroactive liabilities is also greater when retroactive liabilities are included than without retroactive liabilities (0.0973 vs. 0.0877). This increase occurs because pension contributions need to cover the initial retroactive liabilities as well as the accrued benefits for each year. The first two examples illustrated funding strategies for new public pension systems. However, most public pension plans have been in operation for many years. Existing public pension plans may resemble mature systems with stable blocks of employees, such as the steady state achieved in the examples after 40 years, or the plans might not yet have achieved a steady state. Regardless of the growth pattern, each pension system currently has some level of liabilities and assets whether the funding ratio is optimal or not.
The current funding status of public pension systems varies widely from state to state. In this section, optimal funding paths will be illustrated on a by-state basis, starting with recent (1992) funding levels for each state and using individual state demographic trends.
The same assumptions are used here as in the previous examples, except that the pension system is assumed to have a 40-year history and is currently funded at some specified level. Thus, at time 0, the plan has accumulated liabilities and accumulated assets, L(0) and A(0), and the funding ratio (
. In this case, the accumulated liabilities at time 0 are much greater than those under the fully employed system discussed in the previous section because the liability for retirees also represents a part of the initial accumulated liability. The pension plan is to be funded in full within a specified period, in this case 80 years. As in the previous examples, the pension system will terminate in the final period by paying all the outstanding liabilities.
Based on the above assumptions, accumulated liabilities at the beginning of the ongoing plan are equal to 40th-year liabilities from the beginning of the gradual employment pattern, and accumulated assets are the current funding ratio times total liabilities. Since the system is already stabilized, the annual accrued benefit and payment streams increase at a rate of (1+d')(1+g') over the years. That is, The constant tax rate (τ) is determined such that the sum of the present value of the pension taxes plus the initial pension assets equal the sum of the present value of the accrued pension benefits and the initial accumulated liabilities. In this manner, the pension plan will have a funding ratio of one by the final period. Thus, the tax rate can be expressed as follows: 
Once the tax rate and other parameters are determined, accumulated assets and liabilities are obtained based on equations (8) and (9); the optimal funding ratio is determined from these values. Table 2 represents the optimal funding path over the next 80 years using the U.S. national average data and a typical current funding level for the parameter values. The optimal funding path begins at 0.8 (the midpoint of the range of 1992 funding levels based on Dulebohn (1995) ) and increases continuously, approaching 1.0 at the final period. Since the pension growth and tax base growth rates are very close ((1+g')(1+d') = 1.0716 vs. (1+g)(1+d) = 1.0709), the funding ratio increases at a fairly constant rate (0.002 to 0.004 per year) each year. However, the optimal path is not a straight line in all circumstances. Figure 3 illustrates the optimal funding paths under three different tax base growth rates, holding the pension growth rate constant. In this case, just a one percentage point change in the population growth rate from the U.S. average value makes a significant difference in optimal funding paths. When the tax base grows more rapidly than the pension benefit, the optimal funding path first declines from the current level of 0.8, before increasing back to 1.0 in the final year. Conversely, when the pension benefit grows more rapidly, the optimal funding path quickly increases from the current level to more than 1.0, and then declines to 1.0 by the final period. Figure 3 indicates that the optimal funding path is very sensitive to the relative growth rates of tax base and pension obligation. This relationship is examined more fully in the next section.
PENSION GROWTH RATE AND TAX BASE GROWTH RATE
The multi-period optimal funding model indicates that the relationship between the pension growth rate and the tax base growth rate is crucial in determining the optimal funding decision. When the tax base grows more rapidly than the pension obligation, even low funding in earlier periods is not a major problem since the underfunded portion can be financed by later generations with a larger tax base. Under the reverse situation, however, a public pension plan needs to be fully funded or over-funded in earlier periods to meet the rapidly growing pension cost. Otherwise, the cost of funding these benefits will be much higher for future generations, leading to the potential for encouraging relocation out of the state or producing the recessionary effects attributed to higher taxes.
Forecasting these relative growth rates is not easy. On a national basis, population and per capita income growth rates are relatively stable; however, they vary significantly from state to state. Pension growth is even more difficult to forecast. When a state's tax base is growing rapidly from an increasing population and rising per capita income, the number and the salary of public employees is likely to increase, but generally not as fast as the growing economy. In this case, the tax base grows more rapidly than pension costs. When a state's economy contracts, with a declining population and a slowing of per capita income growth, the number of public employees may not decrease in line with the population decline. Taxpayers may want to maintain the same level of public service, and public employees' job security may inhibit commensurate downsizing. In this case, pension costs would grow faster than the tax base.
Although the past is not always indicative of future trends, examining historical data is somewhat helpful for forecasting future patterns of the growth of the economy and the public sector. According to historical data, during the period from 1980 through 1992 the tax base and pension costs grew almost at a same rate, based on U.S. national Note: For the scaling purpose, population and income start from 1 instead of 100 as in the previous case.
data, although the respective components did not grow at the same rate. As stated previously, the U.S. population increased at a rate of 0.993 percent per year and per capita personal income increased 6.046 percent per year, while the number of state public employees increased at a rate of 1.539 percent per year and average salary at 5.536 percent per year. Even though these growth rates are different from each other, the tax base (population times per capita personal income) growth rate (1.0710) and pension (number of public employee times average salary) growth rate (1.0716) are almost same over the years from 1980 through 1992 on a national average. As far as individual states are concerned, however, these ratios differ widely as variations among states result in different economic and demographic situations. Table 3 represents the growth rates of population, per capita personal income, number of state public employees, and average salary by state. As shown in Table 3 , the annual population growth rate of Nevada is 4.366 percent, while that of District of Columbia is -0.720 percent. The growth rate of per capita personal income is relatively stable compared to population growth rate, ranging only from Alaska's 4.057 percent to New Jersey's 6.951 percent. Similarly, the growth rate of the number of state public employees also varies by state. Even though the population growth rate and public employee growth rate are positively correlated (r = 0.68), the growth rates of some states diverge. For instance, North Dakota has negative population growth rate (-0.246 percent) while the number of public employees grew 1.421 percent per year during the same period. Average salary growth rates by state are also positively correlated with per capita income growth rate (r = 0.48) and are relatively stable, ranging from a minimum of 2.831 percent in Wyoming to a maximum of 8.652 percent in Connecticut. Table 4 lists the descriptive statistics of the growth rates of population, public employees, per capita personal income, and average monthly salary of the public employees by state. Following the practice of most pension plans, it is assumed that pension benefits are determined based on the final salary and the number of years of public service rendered. Thus, pension liabilities increase as the number of covered public employees and their average salaries change each year. The growth of actual pension costs, however, may differ from the growth of the number of covered employees and their average salaries. For example, benefit improvements may increase pension costs at a greater rate than would be reflected by employee and salary growth.
In a continuing pension plan the benefits paid out during any year are not included as the pension cost. The real cost of a pension plan during any year is the liability incurred by covered employees for benefits they are expected to receive in the future as a result of their service and earnings during the current year. One popular measure of the pension cost is the Governmental Accounting Standards Board (GASB) Pension Benefit Obligation (PBO) which is computed using the projected unit credit actuarial method (GASB (1986) ). The PBO is a standardized disclosure measure of the present value of pension benefits, adjusted for the effects of projected salary increases, estimated to be payable in the future as a result of employee service to date.
The PBO of state public employee pension plans for the years 1988 and 1992 are shown in Table 5 (these data were not available for prior years). The national average annual growth rate of the PBO over the period is 8.86 percent, which exceeds both the tax base growth rate of 6.16 percent for the same period and the pension growth as measured by the number of public employees and average salary for the same period of 8.08 percent. On a state basis, the differences are, in some cases, much larger. For example, the annual PBO growth in New Hampshire was 16.44 percent and in Mississippi 16.04 percent.
Pension cost increases can be the result of larger employment, increased salaries, or improvements in retirement benefits. Differences can be introduced by the assumptions used in calculating the PBO such as projected salary increases and benefit increases for active or retired employees. 7 Also, the total number of state public employees does not exactly match the number of public employees covered by the pension plan. Therefore, some differences exist between those two growth rates. In this case, the PBO growth rate is slightly greater than the growth rate of the number of public employees multiplied by average salary. However, as shown in earlier examples, even a small difference can have a major effect over an extended period.
These data demonstrate that public pension liabilities grew much faster than the tax base for the years from 1988 through 1992. This situation indicates that a higher pension funding level is necessary to cope with the growing pension obligations if the trend is assumed to continue.
PROJECTED OPTIMAL FUNDING RATIOS
Based on the model, the optimal funding levels of the public pension plans for each state are projected for 80 years. Table 6 represents the current (1992) funding ratios and the optimal funding ratios by state after 10 and 40 years when the pension fund-
TABLE 5
Pension Benefit Obligation Growth (1988 Growth ( -1992 by State ing horizon is assumed to be 80 years.
8 State employment growth (SEG) rates (salary times number of public employees) and PBO growth rates are each used as the pension growth rate. Different funding ratios and patterns of funding over time were obtained depending on the parameter values for the states. The funding patterns result from the current funding level and the relative magnitude of tax base and pension growth rates during the period.
The results shown in Table 6 vary drastically, with optimal funding levels after 10 years ranging from 29.9 percent (in Maine, based on the state employment growth rates) to 4671.7 percent funding (in Mississippi, based on the PBO growth rates). For 40-year levels, New Hampshire indicates a value of 5 percent (based on state employment growth), Virginia indicates a value of -4.4 percent (also based on state employment growth), and the District of Columbia indicates a value of -91.5 percent (based on the PBO growth rates). These startling results are not due to a problem with the model, but demonstrate, in convincing fashion, the sensitivity of the optimal funding levels to the relationship between pension growth rates and the tax base growth rate.
For Maine, the tax base growth rate was 7.67 percent (Table 3) , whereas the pension growth rate based on the state employment growth was 6.98 percent (also Table 3 ); since the tax rate exceeds the pension growth rate, underfunding is the optimal strategy. In Mississippi, on the other hand, the tax base growth rate was 6.49 percent (Table 3 ) but the pension growth rate was 16.04 percent (Table 5) ; since the pension growth rate is so much higher than the tax growth, the optimal funding strategy requires significant prefunding. If the funding strategy proposed here were universally adopted, then the resulting indications of the need for such significant advance funding would likely serve as a restraint of the rapid growth in pension benefits, minimizing future financial problems for public pension funds. Also, use of this standard would also serve to deter pressure for additional benefit increases on plans that are appropriately funded in excess of 100 percent.
For the 40-year levels, the effects of a two to three percentage point difference between the tax growth rate and the pension growth rate are demonstrated. In New Hampshire, the low optimal funding level occurred since the tax base growth rate of 8.66 percent (Table 3) exceeded the pension growth rate of 6.58 percent (also Table 3 ) by so much. In Virginia similar values, 8.05 percent for the tax growth and 6.28 percent for pension growth (Table 3) , led to an impractical negative funding level for the optimal value. In the District of Columbia, the tax base growth rate was 6.15 percent (Table 3 ) and the pension growth rate only 3.81 percent (Table 5) , leading to another negative value.
Although it is unlikely that the growth rates for taxes and pensions will diverge by much over an extended period of time, these values are difficult to predict. The data illustrated in Tables 3 and 5 demonstrate actual changes over the recent past, based on two different sources of data. The values in Table 6 demonstrate the sensitivity of optimal funding levels to the relevant growth rates, illustrating that care should be taken to develop realistic values for these parameters. 
ILLUSTRATION OF OPTIMAL FUNDING PATHS
The current funding can be either above or below 1.0. Based on this model, the funding level will move from the current level to 1.0 over time. The shape of this curve will either be convex or concave, depending on the relationship between the growth rates for tax base and pensions.
For the case where the current funding level is above 1.0, if the shape is concave or convex enough, then the curve will move: for a concave curve, above the current level before converging on 1.0, or, for a convex curve, below 1.0 before converging to 1.0. Thus, for the situation where the current level is above 1.0, there are four possible paths of convergence.
Similarly, there are four possible paths for convergence when the current funding level begins below 1.0. For a convex curve, the curve can be slightly convex, moving consistently upward from the original level to 1.0, or it can be convex enough so that the funding level falls below the original level before increasing. For a concave curve, 
FIGURE 4
Eight Different Types of Projected Optimal Funding Patterns the curve can go consistently upward to 1.0, or it can be bowed so much that it goes above 1.0 before converging to 1.0. Thus, there are eight possible optimal funding paths in total. These are depicted in Figure 4 .
Type A represents the case where the funding ratio begins above 1.0 and the tax base growth rate is higher than the pension growth rate. In this case, the optimal funding path follows a convex curve directly to 1.0. Type A' is similar to Type A, except that the path is so convex that it falls below 1.0 before converging.
Type B represents the case where the funding ratio begins above 1.0, but the pension growth rate exceeds the tax base growth rate. In this case, the optimal funding path follows a concave curve directly to 1.0. Type B' is similar to Type B, except that the path is so concave that it rises above the original funding level before converging on 1.0.
Type C represents the case where the funding ratio begins below 1.0, but the tax base growth rate exceeds the pension growth rate. In this case, the optimal funding path follows a convex curve gradually rising to 1.0. Type C' is similar to Type C, except that the path is so convex that it falls below the original funding level before converging to 1.0.
Type D represents the case where the funding ratio begins below 1.0 and the pension growth rate exceeds the tax base growth rate. In this case, the optimal funding path follows a concave curve directly to 1.0. Type D' is similar to Type D, except that the path is so concave that it rises above 1.0 before converging.
Since the pension growth rate is such an important factor in determining the optimal funding patterns, both the state employment growth rate and PBO growth rate are used as a pension growth rate to classify the states by type, as shown in Determining which type is better in terms of pension funding depends on the relative magnitude of the growth rates and how underfunded the plans currently are. In the case of Type B', for example, even though the current funding status of the public pension plans is good, the state needs to raise the funding ratio even higher than the current level since the pension cost is growing much faster than the tax base. Six states belong to this type based on the state employment growth rates, and 16 states based on the PBO growth rates. New York is a typical example. On the contrary, even though the plans are not well funded based on the conventional approach, the taxpayers in the states of Type C' do not need to worry as much about the current funding status since the economy is growing fast enough to meet the growing pension cost. Based on state employment growth, eighteen states belong to this category, including Illinois and California. Based on the PBO growth rates, only eight states fall into this category. Washington, D.C., belongs to Type C based on the state employment growth rates. Even though the tax base is growing a little faster than pension costs, it is necessary to improve the funding status continuously since the difference in the growth rates is so small (1.0615 vs. 1.0611) and the current funding level is so low (0.334). Examining which state belongs to which type can help determine the optimal funding pattern for future years from the current funding position of the states. 
CONCLUSION
The optimal funding level of public pension plans depends on such factors as the state's current and future tax base, interest rates, and the utility of wealth over time. Current funding strategies tend to ignore these relationships and instead focus on the impact of pension funding on the current state budget. This strategy has led to a wide variety of funding levels, in many cases levels that are far from optimal. Focusing on the economic and demographic variables of the state, this study develops an optimal pension funding model that incorporates the relevant factors under various circumstances. The results indicate that the relationship between the pension growth rate and the tax base growth rate plays a crucial role in determining the optimal funding decision. Only if the growth in pension costs over time can be constrained below the growth in the tax base, are funding levels less than one ever optimal. However, if pension costs grow faster than the tax base then the optimal funding strategy requires overfunding of public pension plans.
APPENDIX A Utility Maximization in Terms of Representative Taxpayers for T Years
The government wants to maximize the representative taxpayer's T period consumption after paying the pension tax. Thus, the objective function and constraint are as follows: 
APPENDIX B
Accrued Liabilities Under Fully Employed System 1. After working one year, each block of employees earns 1/20th of the final salary, which will be paid for 20 years after retirement.
2. The number of public employees increases at a rate of d' percent each year.
3. The salary of public employees increases at a rate of g' percent each year.
4. The accrued benefit is the discounted present value of the stream of payments.
Therefore, one year after the pension plan begins, accrued benefits earned for that year by each block of employees are as follows:
For employees who already worked for 19 years: 
APPENDIX C
Retroactive Liabilities on the Inception of the Plan Under Ongoing Employment Pattern 1. At the commencement date of the pension plan, every block of employees has earned pension benefits which will be paid after retirement proportionate to their working years.
2. The accrued benefit is the discounted present value of the stream of payments.
3. Therefore, retroactive liabilities for each block of employees are as follows:
For employees who work for 19 years: 
.
